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B p CONDITION FOR THE STRONG MAXIMAL FUNCTION 



LIGUANG LIU AND TERESA LUQUE 



Abstract. A strong version of the Orlicz maximal operator is introduced 
and a natural B p condition for the rectangle case is defined to characterize 
its boundedness. This fact let us to describe a sufficient condition for the 
two weight inequalities of the strong maximal function in terms of power and 
logarithmic bumps. Results for the multilinear version of this operator and for 
others multi(sub)lincar maximal functions associated with bases of open sets 
arc also studied. 



1. Introduction 

As it is well-known, Sawyer ([28]) characterized the pair of weights (u, v) for 
which the Hardy-Littlewood maximal operator, M, is a bounded operator from 
L'P(v) to LP(u) for 1< p < oo. He showed that M : LP{ V p) -> LP{ U p) if and only if 
(it, v) satisfies the testing condition 

J (uM( XQ v-P')ydx 
!-l sup — — < oo. 

Q v p (0) 

On the other hand, it is also known that the two weight Muckcnhoupt condition 
A,, 



If \ Vp / 1 r \ W 



U" 

T[\Q\J Q uPdx ) [\Q\J Q v ~ Pdx ) <0 °' 

is necessary but not sufficient for the maximal operator to be strong type (p,p). 
The fact that Sawyer's condition involves the maximal operator itself makes it 
often difficult to test in practice. Therefore, though this condition characterizes 
completely the two weight problem, it would be more useful to look for sufficient 
conditions close in form to the A p condition. The first step in this direction was 
due to Neugebauer ([22]): he noticed that if the pair of weights (u, v) is such that 
for r > 1, 

\r \ x IP r ( 1 r \ 1 /p' t 



for all cubes, then 

(1.2) f {uMffdx<C [ {vffdx 
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for all nonnegative functions / and some positive constant C independent of /. If 
for a given cube Q we define the normalized L p norm by 

H P , a := [faf*** 

then Neugebauer's condition can be restated in terms of a normalized LP norm as 
follows: 

(1-3) Wpr,gll w ~ 1 |lp'r,g <00 - 

Notice that the A p condition can also be rewritten as 

This tell us that if we replace the average LP and LP norms in (1.4) by some 
stronger ones, then we can get a condition that is sufficient for (1.2) to hold. At 
the same time, this new condition preserves the geometric structure of the classical 
A p . Conditions like (1.3) are known as power bump conditions because the norms 
involved in the two weight A p condition are "bumped up" in the Lebesgue scale. 

Motivated by [22], [9] and [10], Perez ([25], [23]) generalized these last conditions 
replacing the localized norms in (1.4) by some other larger than the LP one, but 
not as big as the LP r . Indeed, he proved that it was enough to substitute only the 
norm associated to the weight v~ Y by a stronger one defined in terms of certain 
Banach function spaces X with an appropriate boundedncss property. 

To be more precise, we let $ be a Young function (cf. section 2) and define the 
normalized Luxemburg norm on a cube Q by 

Nk Q :=i n f{A>0: 1 l [ / o *Q) dx <l 

Associated with each Young function $, one can define a complementary function 

(1.5) $(s) :=sup{si -$(£)} 

t>o 

for s > 0. Such i> is also a Young function and it plays, together with the class 
Bp, an important role in the generalization of these bump conditions. Recall that 
a Young function $ £ B p if there is a positive constant c for which 

(1.6) r*w*<oo. 

^ ' Jc V t 

This growth condition was introduced in [25] where it was proved that if $ is a 
Young function such that <& £ B p , and (u, v) is a pair of weights such that 

su p\\ u \\ p ,q\\ v ~ 1 \\<s>,q <00 
Q 

for every cube Q, then (1.2) holds. Moreover the B p condition is sharp in the sense 
that: if M is strong (p,p) and (u, v) satisfy (1.7), then $ S B p . This result has been 
generalized very recently to the more general context of Banach function spaces by 
Perez and Mastylo ([21]). For a more complete account of all this we refer to the 
recent book [6]. 

Besides its inherent significance for this problem, for many other operators con- 
ditions like (1.7) have resulted in optimal sufficient conditions for weak and strong 
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type inequalities. In general, given any pair of weights (u, v) we will define the A p 
bump condition as 

(1.8) supIMI^qII?;- 1 !!^ < oo 

where VP and $ are Young functions such that ^> <E B p / and/or $ € B p and Q 
is any cube R™. This or related conditions are being used in the study of oper- 
ators more singular than the Hardy-Littlcwood maximal function. The first case 
was considered by Perez in [26] for fractional integral operators where a fractional 
version of (1.8) was used to obtain a two weight LP estimate. The same problem 
for the Hilbert transform was proved in [5] and by different methods in [7] for 
any Calderon-Zygmund operator with C 1 kernel. Very recently the solution was 
extended in [8] to the Lipschitz case, proved full in generality in [18] and further 
improved in [15] with a better control on the bounds. 

The main goal of this paper is to study the two weight norm inequalities for the 
boundedness of the strong maximal function using an appropriate B p condition. 
We define this operator as 



(1.9) M n f(x) 



sup t4t / \f(y)\ d y- 



where / is a locally integrable function and the supremum is taken over all rectangles 
R with sides parallel to the coordinate axes. The corresponding two weight problem 
for the strong maximal function was characterized by Jawerth (see [16]) in terms 
of a testing condition that it is even harder to verify than Sawyer's condition (1.1). 
The problem was also solved in [24] with a more similar approach to the one that 
we study here. It was proved that if (u, v) is a couple of weights satisfying the 
power condition for some r > 1 

If \ Vp / i r . \ 1 /p' 



<L10) \Mln U " iX ) {.Wh V -" d V <0 ° 

for every rectangle R, and suppose that u p satisfies the condition (A): there are 
constants < A < 1 and < c(A) < oo such that 

(A) v? ({x £ R" : M n ( XE )(x) > A}) < c(A) u^E) 

for all measurable sets E, then Mu : L p (v p ) — > L p (u p ). In this case, the strong 
weighted estimate is obtained from weak type ones using interpolation and the 
fact that there is a reverse Holder's property for the weights that verifies (1.10). 
However, this good property disappears if we substitute the L pr -norm associated 
to the weight w _1 by a weaker one. Therefore, we will need a different approach to 
solve the two weight problem with general bump conditions. 

To state the main result of this article, we define the class of Young functions 
that enable us to obtain bump conditions in the rectangle case. 

Definition 1.1. Let 1 < p < oo. A Young function $ is said to satisfy the strong 
B* condition, if there is a positive constant c such that 

(lid r^m±<oo, 



t p t 

where $„(<) := t[log(e + t)]"" 1 - t[l + (log + t)"" 1 ] for all t > 0. In this case, we 
say that $ e B* . 
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Then we have the following result. 

Theorem 1.2. Let 1 < p < oo, and let $ be a Young function such that the 
complementary Young function $ satisfies the condition (1.11). 

(i) Let (u, v) be a couple of weights such that u p satisfies the condition (A) and 

(^ j /»"V'ii,.„<*, 

for some positive constant K and for all rectangles R. Then there is a 
constant C such that 

f {uM n f) p dx<C [ (vff dx, 

for all non-negative functions f . 

(ii) Condition (1.11) is also necessary. That is, suppose that $ has the property 
that M-R : L p (v p ) — > L p (u p ) whenever the couple of weights (u,v) satisfies 

for some positive constant K and for all rectangles R; then $ £ B* . 

If this result is compared with the analogous one for the Hardy-Littlewood op- 
erator ([25, Theorem 1.5]), then there is a key difference between them. For the 
former not only do we need a more restrictive class of young functions (the class 
B*), but also it is necessary to ask for an extra condition (A) on the weight u. To 
understand the role of this extra condition (A), we should keep in mind the next 
relevant fact. The study of the boundedness properties of a maximal operator with 
respect to a family of bounded measurable sets is closely connected to studying the 
covering properties of that family (cf. [12]). But since the geometry of rectangles in 
R™ is much more intricate than that of cubes in R™, the classical covering lemmas 
don't work in the rectangle case. Particularly, the Calderon-Zygmund decomposi- 
tion that is strongly used in the cube case cannot be used here. In this sense, the 
condition (^4) is necessary to deal with rectangles and with their covering properties 
(see Lemma 4.2 below). The problem with this condition is that, as happened with 
Sawyer's condition, it involves itself the operator and therefore it would be useful 
to have a replacement that did not. The A^ condition would be a good candidate 
since it is simpler than the (A) condition; however, it is also stronger (see for ex- 
ample [24, p. 1123]). Unfortunately, repeated efforts to get a weaker condition and 
a simpler covering argument have failed, but we believe that such a result would 
be very interesting and would provide new insights about the study of the strong 
maximal operator. 

In this article, we also address similar questions involving the multilinear version 
of the strong maximal function and some other more general maximal functions. 
We define the strong multilinear maximal function as 

m 1 r 

(1.13) Mn(f)(x) := snpU— \f Ml dy, 

where / = ■ • • , f m ) is an m-dimensional vector of locally intcgrable functions 
and where the supremum is taken over all rectangles with sides parallel to the 
coordinate axes. This multilinear maximal operator was defined for first time by 



A B p CONDITION FOR THE STRONG MAXIMAL FUNCTION 



5 



Lerner et al. in [19] with the usual cubes instead of rectangles. In that paper it is 
shown that this operator plays a central role in the theory of multilinear Calderon- 
Zygmund operators. The operator (1.13) as well as its version for a general basis 
B (cf. section 3) was introduced and studied in [14]. In particular, it was shown 
the weak boundedness of Ai-n whenever the weights satisfy a certain power bump 
variant of the multilinear version of the A p condition. That is, for 1 < pi, ■ ■ ■ ,p m < 
oo and < p < oo such that - = Y™Li — i the multilinear strong maximal function 
maps 

L Pl ( Wl ) x ••• x L Pm (w m ) -> L p '°°(u) 

provided that (v,w) = (v, wi, . . . , w m ) are weights that satisfy the power bump 
condition 

(L14) s (m L " w *) n (wi L dx ) * < ~ 

for some r > 1. In the case that v = YTjLi W ^ P3 the strong boundedness of A4-R, is 
also characterized; see [14, Corollary 2.4 and Theorem 2.5]. Multiple weight theory 
that adapted to the basis B = Q and to its multilinear operator associated, Mq, 
has been fully developed by Lerner et al. [19] and generalized very recently by 
Moen [20]. 

Inspired by these previous works, we will introduce the multilinear version of 
(1.7) and (1.12) for weights {v, w) associated with general basis. Then, the L Pl (w\)x 
• • ■ x L Pm (w m ) — > L p {y) boundedness of Mb (cf- section 3) will be proved whenever 
v is any arbitrary weight such that v p satisfies condition (A). This result is given in 
Theorem 3.1. As an application of this theorem, we will obtain the strong version 
of [14, Theorem 2.3] and we will deduce the analogous result of [20, Theorem 6.6] 
for the strong multilinear maximal function. Sec Corollary 3.3 and Corollary 3.4. 

The general organization of this paper is as follows. Section 2 contains some 
preliminaries about Orlicz spaces and a characterization of the strong B* condition. 
Section 3 presents some definitions about general basis and the statement of the 
main strong weight result for a general multilinear operator (Theorem 3.1). Also, we 
give the proofs of Corollaries 3.3 and 3.4, and we will deduce the proof of Theorem 
1.2 by applying Corollary 3.4. Finally, the last section shows the proof of Theorem 
3.1. 

Acknowledgments. The authors are very grateful to Professor Carlos Perez for 
suggesting the problem and for some valuable discussions on the subject of this 
paper. We also wish to thank the referee for his/her valuable corrections and 
comments on the paper. 

2. Characterization of the B* condition 

To present this characterization we need to recall a few facts about Orlicz 
spaces and we shall refer the reader to [6, Chapter 5] and [27] for complete details. 
A function $ : [0, oo) — > [0, oo) is a Young function if it is continuous, convex and 
strictly increasing satisfying $(0) = and $(i) — > oo as t —> oo. A Young function 
is said to be doubling if there exists a positive constant a such that 

$(2t) < a<f>{t) 
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for all t > 0. The normalized $-norm of a function / over a set E with finite 
measure is defined by 



A > : r= 



dx < 1 



The complementary of the Young function (1.5) has properties 
(2.1) $- 1 (t)§" 1 (t) ~t for all t G (0, oo) 

and 



st<C 



*(t) + *(a) 



for all s, t > 0. Also the <f>- norms are related to the L$-norms via the the generalized 
Holder's inequality, namely 

1 



(2.2) 



\E\ 



\f(x)g(x)\dx<2\\fU iE \\i 



14, £■ 



Consider the Orlicz maximal operator 

M§f(x) := su 



Q3x,QeQ 

where the supremum is taken over all cubes containing x. Perez [25, Theorem 1.7] 
proved the following key observation: when 1 < p < oo and $ is a doubling Young 
function, then 

M§ : L p (R n ) — ► L p (R n ) if and only if $ satisfies (1.6). 

Here we remark that the hypothesis of $ being doubling was only used to prove 
the necessity of the B p condition but we show now that can be removed. Indeed, 
if we assume that for any non-negative function / the operator is bounded on 
i p (R") and we take / = X[o,i] n > we have 



R" 



Now, it is easy to see that there exists a positive dimensional constant b such that 
whenever \y\ > 1 

M£(x[o,i]»)(y) 



-if Ml 



Hence 



R" 



Mg(xio,^)(y) p dy>P I t p 



= p 







/ tp 




Jo 




p oo 




/ tp 




10 





$-i(Ml) 



> t 



dt 

7 



-c„p 



t p 6$ 



K\v\<*[j 



dt 

7' 



l/n 



b l/r. 



dt 

7 



where c„ is a positive constant depending only on n. Since <3? is increasing and 
$(i) —> oo as t —> oo, we can choose some to > such that for every t < to, 









a) 




a) 
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Then 

o-l ' ■ - ' 1 



oo > c nP J t p - L {b<P I -J - lj ci£ 
>^ [ i °i*- l $(l}dt= CnPb 1 



o 2 y 1/to tP t 

Motivated by Perez [25, Theorem 1.7] and the previous observation, in this 
section we consider the Orlicz maximal operator associated with rectangles 
rather than cubes. Precisely, for each locally intcgrablc function / and Young 
function $ we define the Orlicz maximal operator by 

Mgf(x) := sup 

where the supremum is taken over all rectangles with sides parallel to the coordinate 
axes containing x. In particular, when $(£) = £ the maximal operator is exactly 
the classical strong maximal function (1.9). 

The next characterization shows that the boundedness of is closely con- 
nected with the class B*. 

Theorem 2.1. Let 1 < p < oo. Suppose that $ is a Young function. Then the 
following statements are equivalent: 

(i) $ G B*; 

(ii) the operator is bounded on L p (R n ); 
(hi) there exists a positive constant C such that 

(2.3) / [%(/)(# ,..,, \, ^ d v^ c I f(y) p ^ d y 

Jr« [Mi f(uVP){y)]P J Rn u{y) 

for all non-negative functions f and u; 
(iv) there exists a positive constant C such that for all non-negative functions 
f and all w satisfying the condition (A), 

(2-4) / [Mg(f)(y)]*>w(y)dy<C [ f (yf M n w{y) dy . 

As particular examples of Young functions $ G B* , one can easily check that a 
Young function $ satisfies the condition (1.11) if 

$(£) ~£ a log _/3 (e + £) -oo<Q<p,/3eR; 

$(£) ~t p \og~ p (e + t) (3>n; 

or the weaker one 

$(£) ~ t p log- n {e + t) [loglog(e + £)]~ 7 7 > 1. 

Proof of Theorem 2.1. We assume that (i) holds and show (ii). To this end, for 
each t > 0, we split the function / into / = /* + /* with f t := fx\f\>t/2 an d 
/* := fx\f\<t/2- Then, 

Mif < Mg(ft) + Mg(f) < Mg(f t ) + t/2 

and 

{x G R" : M|\f(z) > £} C {.t G R" : M%{f t ){x) > t/2}. 

Set 

Sit := {x G R" : M?(/ t )(x) > t/2}. 
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Choose a compact set K C Ot such that |fit|/2 < \K\ < |Of|. There exists a 
sequence of rectangles {Rj}j =1 such that K C \jf =1 Rj and 

\\fth, Rj >t Vj £{!,■■■ ,N}. 

By [14, Lemma 6.1], the condition H/tH*,^ > t implies that 



1 < 



1 

< 



ft(y)\ 
t 



dy. 



Applying now the covering lemma from [3] (sec also [1, Theorem 4.1 (C)]), there are 
dimensional positive constants S, c and a subfamily {Rj}j =1 of {Rj}jLi satisfying 



\jRj <c [jR, 



and 



U5=i «j 



Let £ := Uj=i ^i- Recall that for each > 0, there exists a constant C# such that 
for all a, 6 > 0, 

a& < Cg{e 9a - 1 + fc[l + (log + 6)' 1 " 1 ]) = C e {e 9a - 1 + $„(&)); 
see [1, p. 887]. Then, for all e > 0, 

l 



< 



E / * 



I /*(!/) I 



'UJ=iH< j=l 

<eC,5 



exp 



<eC,||.E| + * n (l/e)jf $„ 
Choosing e > small enough we obtain 

\E\ < C [ $„ U 



\ t 



dy 



\Mv)\ 



f \ft(y)\ 



dy}- 



dy. 



Since |fi t | ~ \K\ and \K\ < c\E\ and $„($(0)) = 0, it follows that 

'l/t(y) 



1^/^.(1*621))*^/ 



{yeR":\f(y)\>t/2} 



dy. 
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This inequality and the fact {x G R™ : M^-f(x) > t} C fit, together with the 
change of variable s = \ f(y)\/t, yields 

r°° m 
/II£,(r») = pj Q t p \{x G R" : Mff{x) > t}\ — 

< P r^\sk\j 

<c°rr nj*(\jmx\*? 



J{yGR":|/(y)|>t/2} 



t lit 



R™ JO 



< c 



V t j j t 



R"Jl/2 SP 



< C \\f\\ P LP(Rny 

where in the last step we use the hypothesis This proves (ii). 

Let us assume that (ii) holds. Using the generalized Holder's inequality (2.2) we 
obtain 

M n (hg)(y) < Mfh{y)Mfg{y), 
which together with the boundedncss of on L p (R n ) implies that 

f [M n {hg){y)Y 1 dy< [ [Mfh{y)Y> dy 
r™ [Mgg{y)Y Jw 



< P^IIL(R")^ ( R") / W<fo, 

from which we obtain the claim (hi) by taking h = fu^ 1 ^ and g = u 1 ' p . 
To prove that (hi) implies (i), for any TV G N, we let / := X[o.i]™ an d 

X[o,i]» + XR T 1] " in ( 2 - 3 )- Hence wc S et 

/ M n (X[o,i\n)(y) 



R- V M 4(mi]" + ^ s ^)(y), 



< C*. 



Observing that M?(/ + 5) < M?/ + M^p and using the monotone convergence 
lemma, we deduce 

V ' 7r- VM^(x [0 ,i]»)(y)/ 

It is easy to see that for any point (yi, ■ ■ ■ ,y n ) € R" such that j/j > 1 for all 
j G {1, • • • , n}, we have 

, r / , . . |i?n[o,i]"| 1 

M7j(x [0 ,i]»)(y) = sup — = , 

RBy,Ren \R\ 2/12/2 • • • y n 

and 

\R\ 



Mf( X[ o,i^)(y) = sup inf (a > : § (A -1 ) < 

R9y,R£lZ I 



RD [0, 1]' 



sup 



R3y,RGTZ $-1 ( Igl . 1 

Y 1 |iin[o,ij"| 
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1 



$ 1 (yiV2 ■ ■ ■ Vn) ' 

Inserting these two estimates into (2.5) and using (2.1), we deduce that 

oo > / • • • / (— V™L\ dy n ■■■ dyi 

Ji Ji \ yiV2---y n J 

OO pQO / -j^ \P 

dy n ■ --dyi. 



l Ji 



^ 1 (yiy2---y n ) 

Then it follows that 

ri i — )v -—!—/" 

Ji V* {ym---y n )J yi ■ ■ -y n -i J^-\ VI - Vn - 1 ) zV 

1 f 00 $(z) , 

j dz, 



> 



yi ■ ■ ■ Vn-1 J$- 1 (yi---y„_i) 



where we have used the fact that 3>'(i) > — for any Young function $. Now we 
take the integral in the variable y n -i and we obtain 

f OO />00 / \ p 



1 il V $ 1 (2/1J/2 • • 'Vn) 



dy„ dy n . 



i 



1 f 00 $(z) , , 

> / / — —rdzdy n -i 

Ji yi ■■ ■ Vn-l 21 

Z" 00 fvi*vl-2 1 , $(z) , 

= / / 7. 7. d y™-i7777T dz 



1 r j m \m dz . 



yi"-y n -2 i$-i(j/i-j/»-2) \yi---yn-2j zp+ x 

Moreover, 



1 


yi • 


■ -Vn 


-2 




1 




yi • 


■•2/n- 


-3 




1 




yi • 


■•2/n- 


-3 



z 

Vl-"» re -3 1 , / \ , $(z) , 

In dy„_ 2 — r r 

2M-2 \yx---yn-2j zP+ L 

in I ^v^u. 



2/1 ■• • 2/n-3 



z p+i 



Wo iterate this process by integrating over the next variables t/„_ 3, ■ ■ • , //1 in turn 
and we obtain 



OO /"OO 



00 > / • • • / I -—- — ) dy n ■■■ dyi 

Ji Ji V* {ym--y n )J 

J$-i(i) £ F 

which proves (i). 

To conclude the proof of this theorem, note that (iv) implies (ii) by choosing 
w = 1 in the right side of (2.4). In order to prove that (ii) implies (iv) we will 
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proceed using an argument very similar to the one presented in the proof of Theorem 
3.1. For this reason, we will give the details to complete this proof in the fourth 
section, Remark 4.3. Here we point out that the proof of Theorem 3.1 below is 
independent of Theorem 2.1. □ 

It should be remarked that the classical B p condition (1.6) is not sufficient for 
the L p (R")-boundedness of M%. For this, we consider for example the function 

/ = X[0,i]», and 

*W s NlTF ante (Coo) 

with < 5 < 1. It is easy to verify that such a function $ satisfies (1.6) but fails 
for (1.11). For simplicity, we consider only the case when n = 2. If » 1 (we 
can take \x%\ > 4) for i = 1, 2, then 

M£f( Xl ,x 2 ) = ^ 1{lxiM ~ )a;i || X2 |i/p (log(1 + | a;i ||. T2 | )) (i +5 )/ P ' 

by terms of the fact that ~ t 1 / p (log(l + i))( 1+(5 )/P for all t £ (0, oo). Using 

Fubini's theorem, we have 



p OO p OO -l 

- / / n 7\ I ^i+s dx * dx i 

J 4 J 4 X 1 X 2 (log (1 + X1X2)) 
/>oo />oo y 

> / j— jdx^dxx 

J 4 J 4 (1 + XlX 2 ) (log (1 + X1X2)) 

1 r 1 , 

~5j 4 xi(log(l+4xi)) 5aXl 

1 r 1 

<5j 16 (l + xi)(log(l + a;i)) 5 

However, 

I/IIlp(R 2 ) = IIX[0,1] 2 IUp(R 2 ) = i- 

Hence, is not bounded on L P (R 2 ). The general case for n > 2 is similar and 
we omit the details. 

Though the B p condition (1.6) is not sufficient for the L p (R")-boundcdness of 
M$~, we can remedy this situation if we restrict to those Young functions that are 
submultiplicative; see Proposition 2.2 below. We say that a Young function $ is 
submultiplicative if for each t, s > 0, 

$(£s) < $(t)$(s). 

Proposition 2.2. Let 1 < p < 00. Assume that $ is a submultiplicative Young 
function such that $e5 p . Then the operator is bounded on L P (R"). 

Proof. This is a simple consequence of the fact that for a submultiplicative Young 
function such that $ £ B p , there exits e > for which $ £ -B p _ e ([25, Lemma 4.3]). 
Indeed, using the previous theorem we only need to prove that $ G Note that 

(2 6) f° M^fll ^£ = f°° ^ ds + f° Hs) (log + ^js))"- 1 ds 

[ ' J .A. sP s . L. sP s ,L sP" £ s £ s ' 
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It is clear that the first term in the right hand of (2.6) is bounded. On the other 
hand, 

(log + ^(s))"- 1 < ^(s)^"- 1 ) 

s e - s e§(n-l) ' 

with S > 0. Since $ is in the class B pi it follows that <£>(i) < t p for t > 1 and hence 
for S — , e is the above term is bounded. This further implies that the second 

p{n— 1) 1 

term of (2.6) is bounded by a constant multiple of 

$(s) ds 



sP~ e s 

which together with the aforementioned fact that i> £ B p _ e gives the boundedness 
of the second term of (2.6). □ 

Remark 2.3. We observe that a typical Young function that belongs to the class 
Bp and that it is also sub-multiplicative is $(i) = t r with 1 < r < p. Another more 
interesting example is the function $ given by $(£) = t' (l + log + t) a with 1 < r < p 
and a > 0. It is not difficult to see that such functions are submultiplicative and 
they are in the B p class. See Cruz-Uribe and Fiorenza [4] for related discussions 
on the topic of submultiplicative Young functions. 

3. Weighted theory for general bases and proof of Theorem 1.2 

We start by introducing some notation that we will use through this section. 
By a basis B in R" we mean a collection of open sets in R™. The most important 
examples of bases arise by taking B = Q the family of all open cubes in R™ with 
sides parallel to the axes, B = V the family of all open dyadic cubes in R™, and 
B = 1Z the family of all open rectangles in R™ with sides parallel to the axes. 
Another interesting example is the set 3? of all rectangles in R 3 with sides parallel 
to the coordinate axes whose side lengths are s, t, and st, for some t, s > 0. 

Assume that B is a basis and that is a sequence of Young functions, we 

define the multi( sub) linear Orlicz maximal function by 



M§(/ )(*):= sup UWM^B- 



BeB,B3x j = 1 



In particular, when ^fj(t) = t for all t £ (0, oo) and all j £ {1, • • ■ ,m}, we simply 
write M% as Mb] that is, 



M B (f)(x)= sup ] — / \f 3 (y)\dy- 

BGBtBBXjJl Jb 

When in — 1 , we use M® and Mg to respectively denote -M^ and A4&. 

We say that w is a weight associated with the basis B if w is a non-negative 
measurable function in R" such that w(B) = J B w(y) dy < oo for each B in B. A 
weight w associated with B is said to satisfy the A p 73 condition, 1 < p < 00, if 

s^W^WW^f <00 . 



BeB\\B\J B ) \\B\j B 
In the limiting case p = 1 we say that w satisfies the Ai rs if 



[4? / w (y) dy) esssup w 1 < 
\B\ Jb J b 
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for all B £ B; this is equivalent to Mbw(x) < cw(x) for almost all x £ R™. It follows 
from these definitions and Holder's inequality that A p ^b C A q ^B if 1 < P < q < oo. 
Then it is natural to define the class A^b by setting 

Aoofi := [J A Pi g. 
p>i 

For a general basis B we obtain the following strong type result. 

Theorem 3.1. Let 1 < p\, ■ ■ ■ , p m < oo and < p < oo suc/i that - — V)™L-, —. 

p — j Pj 

Assume that B is a basis and that * s a sequence of Young functions such 

that 



Mf (/)(*):= sup ni|/,|j^, B 



is bounded from L Pl (R™) X • • • X P-»(R n ) toL p (R n ). Let (u,w) = (i>,Wi,--- ,w m ) 
be weights such that v p satisfies condition (A), and that 

/ i r \ i/p m 

(3.1) sup — ^ v(x) p dx) J[ ||w7 1 ||* J ,fl < oo. 

TTierc 7W B is bounded from L Pl (tuf ) x ■ • • x L Pm {w p ^) to L p (vP). 

Remark 3.2. We observe that for all a; € R n and for all non- negative functions 

/ ill ! ■ • ■ i fm)i 

TCI 

M§(/>)<n^f,(/.)(*)- 

3=1 

Thus, if we assume that each Mf is bounded on L Pj '(R"), then .M^ is bounded 
from L Pl (R") x ••• x L Pm (R") to L P (R"), and consequently, the conclusion of 
Theorem 3.1 gives us that Mb is bounded from L Pl (w Pl ) x ••• x L Pm (w p ™) to 
L p {v p ) when (i/, «;) satisfies (3.1). 

Between these general bases, we are particularly interested in Muckcnhoupt basis 
introduced in [23]. We say that B is a Muckenhoupt basis if for any 1 < p < oo and 
for any w £ A p ,b, Mjg is bounded in L p (w). Most of the important bases are in 
this class and, in particular, those mentioned above: Q, V, 1Z. The fact that 1Z is a 
Muckenhoupt basis can be found in [13]. The basis Sft is also a Muckenhoupt basis 
as shown by R. Fefferman [11]. 

For Muckenhoupt bases, the generalization of the power bump condition (1.14) 
assures the boundedness of MIL Therefore we can deduce the following result. 

Corollary 3.3. Let B be a Muckenhoupt basis. Let — < p < oo and 1 < 

pi, . . . ,Pm < oo such that ^ = + ■ ■ ■ + If the weights (v, w) = (u,Wi, ■ • ■ , w m ) 
satisfy the power bump condition 

(3 - 2) s (m L dx ) n in L ^" *) * < - 

/or some r > 1 and ^ satisfies condition (A), then Mb is bounded from L Pl (w\) x 
••• x L p ™(w m ) to L p {v). 
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Proof. For each j £ {1, ••■ , to}, we set Wj :— w^ 11 ' and ^j(t) := t p j r for all 
t £ (0,oo). Set z/ := v x / p . Then the power bump condition (3.2) can be rewritten 

as 

(If -j 1/p m 

su p 1 Td\ / ^ Pcte f I ll^r^kj.s < 00. 

bgb I \o\ J B J " 



In this case, for all x £ R™. 

{— I \f(v)\^ ry dy\ 

BeB.B3x " BeB.BBx 



Since B is a Muckenhoupt basis and (p'jr)' < pj, every Mj* is bounded on L Pj (R ra ). 
By Remark 3.2 this implies that M%> is bounded from L Pl (R n ) x • • ■ x L p ™(R n ) 
to L p (R n ). Thus, by Theorem 3.1 

M B : L Pl (w Pl ) x ■ • • x L p '-(w p ^) ~+ £ P (^ P ), 
which completes the proof. □ 

A result stronger than Corollary 3.3 is the following boundedness of the multilin- 
ear strong maximal function, where (v, w) satisfy some logarithmic type condition. 

Corollary 3.4. Let 1 < pi, ■ ■ ■ ,p m < 00 and ^ < p < 00 such that i = Y^jLi 
Let (f,w) = (u,wi,--- ,w m ) such that v and all the Wj's are weights, and v p 
satisfies condition (A). Lf there is a positive constant K such that for all rectangles 
R, 

i/p 



I r- \ VP m 



R, ., 

3=1 

where every \I/ j is a Young function such that ^> j £ B* . Then Ad-jz is bounded 
from L Pl (w Pl ) x • • • x U> m {w%?) to L p {v p ). 

Proof. From Theorem 2.1 and the assumption that each is a Young function 
satisfying the condition (1.11), it follows that every is bounded on L p * (R n ). 
Then, applying Remark 3.2 and Theorem 3.1 with B = 1Z, we obtain the desired 
conclusion. □ 

We end this section with the proof of Theorem 1.2 that is a straight consequence 
of Corollary 3.4. 

Proof of Theorem 1.2. We notice first that (i) is the linear case (to = 1) of Corol- 
lary 3.4. For the proof of (ii) we proceed as in [25, Proposition 3.2]. That is, 
consider any non-negative function g and define the couple of weights (u, v) = 
(M^j'(g 1 / p )~ 1 , g _1//p ). Obviously, (u, v) satisfies condition (1.12) with constant 
K = 1. Hence, by hypothesis there is a constant C such that 

[Mn{f)m V 7TFRT t Lu m„ dy < C [ f(y) p ^ dy 

R™ 



[Mf ( fl 1 /P)(j,)]P " 7 R „ g(y) 

Finally, by Theorem 2.1, this inequality implies that $ £ B*, which completes the 
proof. □ 
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4. Proof of the strong type estimate in the (m+ 1)-weight case 

To prove Theorem 3.1, we use an argument that combines ideas from [14, The- 
orem 2.5], the second proof of Theorem 3.7 in [19], and some other tools from [16] 
and [25]. First, we will recall an additional definition for general bases and a special 
case of a lemma from [16] that we will need for the proof of Theorem 3.1. The fol- 
lowing definition concerns the concept of a-scattered families, which was considered 
in the works [17] and [16] and implicitly in [2] and [3]. 

Definition 4.1. Let B be a basis and < a < 1. A finite sequence {Ai}f£ 1 C B of 
sets of finite Lebesgue measure is called a-scattered with respect to the Lebesgue 
measure if for all 1 < i < M, 



m n u * 



< a\Ai 



The proof of the following lemma is in [16, p. 370, Lemma 1.5]; see also [14]. 

Lemma 4.2. Let B be a basis and let w be a weight associated to this basis. Suppose 
further that w satisfies condition (A) for some < A < 1 and < c(A) < oo. Then 
given any finite sequence {Ai}^. 1 of sets Ai £ B, 

(a) there exists a subsequence {Ai}i e i of {Ai}f£ 1 which is X-scattered with 
respect to the Lebesgue measure; 

(b) A.^A^ie I; 

(c) for any l<i<j<M + l. 

w ( |J A s ) < c(A) [w ( |J A s ) +w(\J A, 

s<j s<i i<s<j 

where A s = when s ^ L . 

Proof of Theorem 3.1. Let N > be a large integer. We will prove the required 
estimate for the quantity 

M B {f){x) p u{x) p dx 

2- N <M B {f)<2 N + 1 

with a bound independent of N . We claim that for each integer k with |fc| < N, 
there exist a compact set Kk and a finite sequence b^ = {-E%} Q >i of sets e B 
such that 

v p {K k ) < is p ({M B (f) > 2 fe }) < 2v p {K k ) 
The sequence of sets { l JBeb k B}^ = _ N is decreasing. Moreover, 

|J B C K k C {M B (f) > 2"}, 
Beb k 

and 

m 

(4-1) Ijm \fM\dy>2 k , a>l, 

j=l I a\ JB\ 

To see the claim, for each k we choose a compact set K k C {A / (e(/) > 2 fe } such 
that 

v p (K k ) < is p ({M B (f) > 2 k }) <2v p {K k ). 
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V k = 



For this K k , there exists a finite sequence b k = {B^} a >i of sets £ B such 
that every satisfies (4.1) and such that K k C \Jseb k B C {Me(f) > 2 fc }. Now, 
we take a compact set K k such that L>Beb k B C K k C {Meif) > 2 fc }. Finally, 
to ensure that {^->Beb k B} k v = _ N is decreasing, we begin the above selection from 
k = N and once a selection is done for k we do the selection for k — 1 with the next 
additional requirement 

K k -i D K k . 

This proves the claim. Since {L>Beb k B} k v = _ N is a sequence of decreasing sets, we 
set 

'l) a B*=\J Bebk B when \k\ < N, 
when |fc| > N. 

Observe that these sets are decreasing in k, i.e., il k +i C fife when — N < k < N. 

We now distribute the sets in (J, over /i sequences {Aj(?)}j>i, < / < /i — 1, 
where fi will be chosen momentarily to be an appropriately large natural number. 
Set «o(0) = 1. In the first ii(0) — io(0) entries of {A(0)}i>i, i.e., for 

io(0) <i<*i(0), 

we place the elements of the sequence bfq — {B^} a >i in the order indicated by the 
index a. For the next ^(0) — «i(0) entries of {-Aj(0)}j>i, i.e., for 

*i(0) < i < i a (0), 

we place the elements of the sequence &at_ m . Wc continue in this way until we 
reach the first integer m such that N — to /i > —N, when we stop. For indices i 
satisfying 

'mo 

(0) < % < 

'mo + l 

we place in the sequence {^4i(0)}i>i the elements of &/v— m «' The sequences 
{Ai(l)}i>i, 1 < I < fj, — 1, are defined similarly, starting from b^-i and using 
the families 6jv-i-sjU) s ~ 0, 1, • • ■ , to/, where to/ is chosen to be the biggest integer 
such that N — I — mj/x > — N . 

Since is a weight associated to £> and it satisfies condition (A) , we can apply 
Lemma 4.2 to each {Ai(l)}i>\ for some fixed < A < 1. Then we obtain sequences 

{Ai{l)}i>x C {Ml)h>i , < / < /2 - 1, 

which are A-scattered with respect to the Lebesgue measure. In view of the def- 
inition of the set £l k and the construction of the families {A i (/)} i > 1 , we can use 
assertion (c) of Lemma 4.2 to obtain that for any k = N — I — s/j, with < I < [i — 1 
and 1 < s < mi, 



i*(n fc+M ) + i/M |J Mi) 

\i s (l)<i<is+i(l) 
»«+i(0-l 

<cv p (n k+ j + c ^ ^(i,(0). 

For the case s = 0, we have fc = N — I and 

i/"(n fc ) = ^(Aat-i) < c ^ ^(A(0)- 

i=i (i) 
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Now, all these sets {^(OK^aj 1 belong to bk with k = N — I — s/j, and therefore 



(4.2) 



m 1 



£i \M*)\ J Mi) 

It now readily follows that 



\f J (x)\dx>2 k 



N-l 



2-«<A4 s (/)<2 N + 1 



and then 

N-l (U-l 

(4.3) ^2 fc V(ft fe )=^ ^ 2P( Ar -'-^^(n JV _ i _ SAl ) 

k=-N i=0 0<s<m e 

= c E E ^ n ~ 1 - s "^ p ^n-i- s , + ,) 

i=0 \<s<m e 

II— 1 i s+ i(i)-l 

^ 2 p(iV-j- s/1 ) g 

£=0 0<s<m e i=ia(l) 

Observe that the first term in the last equality of (4.3) is equal to 

At— 1 N-l 
«=0 0<s<m,-l k=—N 

If we choose /i so large that c2 _w < | and since everything involved is finite the 
first term on the right hand side of (4.3) can be subtracted from the left hand side 
of (4.3). This yields 



L 



H-l 

Mn{f) p vdx < 2 p+1 c ^ E 2 p(N ~ l ~ m) v P (M 1 ))- 

fcOO<s<m, i=i B (l) 



'2- N <M TC (/)<2 JV + 1 

By (4.2) and the generalized Holder's inequality (2.2) we obtain 



n-i i,+i(0-i 

( 4 - 4 ) E E E 2P( " 

fcOO<s<m f i=i„(i) 



/i— 1 i s +i(7) — 1 

^ c E E E ""(^(0) 

<=0 0<5<m ( i=i a (l) 
H-l »a+l(0-l 

^ c E E E ""(^(0) 

^=0 0<s<m« i=i«(Z) 



m 1 



|/j|cfe 



M-i »«+i(0-i 

^E E E 

tOO<s<m, i=i s (l) 



=1 1^(01 -^(0 



nn/: 

3=1 



\Mi))l 



where in the last step we use the assumption (3.1). 
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For each I we let 1(1) be the index set of {Ai(l)} 



<s<m£,i s (Z)<2<2 s + i(7); 



and 



E 1 (l)=A 1 (l) & E i {l) = Ml)\\JMl) Vie 1(1). 



Since the sequences {^4i(0}ie/(/) are A-scattered with respect to the Lebesgue mea- 
sure, for each i \Ai(l)\ < Y~\\Ei(l)\. Then we have the following estimate for (4.4) 

p 



(4.5) 



C 



1 - A 



■ Y, E 

1 = 



n ii/ 



3 W 11*5,1,(0 



1^(01- 



The collection {£'i(0}ie/(i) ^ s a disjoint family, we can therefore use the fact that 
A*** is bounded from L pl (R n ) x • ■ ■ x L Pm (R") to L P (R") so as to estimate this 

last equation (4.5). Then 



EE 

;=o iei(i) 



Ei{l) 



dx 



< c, ; 



R' 



dx 



< 



rj iil p j(R'»)- 



Letting AT — > oo yields the desired assertion of the theorem. 



□ 



Remark 4.3. We point out that the fact that Theorem 2.1(h) implies Theorem 
2.1(iv) can be deduced by proceeding as in the proof of Theorem 3.1. Indeed, we 
will prove the required estimate for the quantity 



2-™<A/J(/)<2 N + 1 



Mg(f)(xy w(x) dx < / f(yfM n w(y) dy 



R" 



where N is a large integer. We use the same covering argument of Theorem 3.1 
replacing (4.1) by 

M\lj m,dv>2t - 

Repeating equations (4.2) and (4.3) , we will get 

E E E a^-'-^&co) 

f=0 0<s<m, i=i s (l) 

<«E E S+ E ^Mi))\\ni Ml) 

(=0 0<s<m, i=*a(0 



M— 1 i s +i(l)-l 

<^E E E 

tO 0<s<m ( i=i,(l) 



f 



w(Mi)) 
. \Mi)\ 



IA(0I 



M-i »*+i(0-i 

^ c E E E 

fc0 0<s<m, i=i s (() 



*,-Ai(0 



|A(0I, 
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where in the penultimate step we used the generalized Holder's inequality (2.2). 
Finally, we will obtain the claimed conclusion using the fact that the operator 
is bounded on L P (R"). The details are left to the reader. 
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